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We study pseudo-holomorphic curves in the nearly Kähler 6-manifold CP3. First, we
introduce two classes of pseudo-holomorphic curves, called horizontal and null-torsion,
respectively. We show that both classes are in one to one correspondence with contact
holomorphic curves studied by Bryant in the Kähler manifold CP3. The correspondence
between horizontal curves and contact curves can be seen from their deﬁnitions.
The correspondence between null-torsion and contact curves needs a double ﬁbration
to describe. Borrowing Bryant’s results, we show that both classes allow Weierstrass
representations. Second, we completely characterize pseudo-holomorphic 2-spheres. It is
shown that if they are neither vertical nor horizontal, they must have null torsion.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Nearly Kähler structures were introduced and studied ﬁrst by A. Gray in [7]. Later on, N. Hitchin [9] found that, in
dimension 6, nearly Kähler structures are critical points of a diffeomorphism-invariant functional, and hence put these
structures in a natural context. These structures are arguably the ‘second best’ SU(3)-structures next to Calabi–Yau. Unlike
Calabi–Yau 3-folds, nearly Kähler structures have torsion and the underlying almost complex structures are not integrable
(see Section 2 for details).
Unfortunately, much less is known about nearly Kähler 6-manifolds compared with Calabi–Yau. In particular, the only
known compact examples are all homogeneous: S3 × S3, nearly Kähler CP3, S6, and SU(3)/T 2, though locally nearly Kähler
enjoys as rich generality as Calabi–Yau ([4], §4.3).
In this paper we are interested in another aspect of nearly Kähler geometry, pseudo-holomorphic curves.
Deﬁnition 1.1. A pseudo-holomorphic curve in an almost complex manifold (N, J ) is a non-constant smooth map X from a
Riemann surface (M2, i) into N such that dX ◦ i = J ◦ dX .
In the context of calibrated geometry, since Bryant’s work on exceptional holonomies ([5], §5), it has been well known
that if N6 is nearly Kähler, then the cone metric N × R+ has holonomy in G2. It is not hard to show that, if M2 is a pseudo-
holomorphic curve in the nearly Kähler 6-manifold N , then M2 × R+ is an associative submanifold in the G2-cone N × R+
as deﬁned in [8].
Pseudo-holomorphic curves in S6 have been studied by Bryant in [3]. In particular, he showed that every Riemann
surface appears in S6 as a null-torsion pseudo-holomorphic curve with an arbitrarily large ramiﬁcation degree. In this paper
we study pseudo-holomorphic curves in the nearly Kähler 6-manifold CP3.
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108 F. Xu / Differential Geometry and its Applications 28 (2010) 107–120Nearly Kähler CP3 is closely related to the familiar projective space of complex lines in C4, denoted by CP3 to distinguish.
It is well known that CP3 is Kähler. There is a famous twistor ﬁbration of CP3 over S4 with the ﬁbers CP1. We brieﬂy
describe this ﬁbration. First, we identify C4 with H2 in the standard way. Then S4 is isometric to the quaternion projective
space HP1 consisting of quaternion lines in H2. The twistor ﬁbration sends a complex line [e] = e ·C in CP3 to the quaternion
line e ·H in HP1. The nearly Kähler CP3 is deﬁned by ‘reversing’ the almost complex structure on the ﬁbers of the twistor
ﬁbration (see [1] for more details). The nearly Kähler structure on CP3 is homogeneous under the symmetry group Sp(2).
This will be important for moving frames computation.
The most obvious pseudo-holomorphic curves in CP3 are ﬁbers CP1 of the twistor ﬁbration. Aside from this trivial
class, we consider horizontal curves whose tangent maps have no vertical component. Clearly, to understand this class, the
almost complex structures on the ﬁbers will not matter. Thus, this type is the same as the horizontal curves or, in Bryant’s
terminology in [2], contact holomorphic curves, in Kähler CP3. In [2], R. Bryant gave a complete description. Translated to
our setting, it amounts to
Proposition 1.2. Let M be a connected Riemann surface. For each pair of meromorphic functions f , g on M2 , the formula Φ( f , g)
deﬁned in (3.15), considered as a map M2 → CP3 , gives a horizontal pseudo-holomorphic curve. Conversely, every horizontal pseudo-
holomorphic curve either arises in this way or has image in some CP1 ⊂ CP3 .
The major part of this paper is to introduce and study another important class, called null-torsion curves (see Deﬁni-
tion 4.6). Such curves are speciﬁed by a second-order condition. To classify such curves, we introduce a double ﬁbration
which will play a crucial role. First, we deﬁne the ﬂag manifold F to be the set of pairs of complex lines ([e1], [e2]) which
are quaternion orthogonal to each other. Let Π1 : F → CP3 map ([e1], [e2]) to [e1] and let Π2 : F → CP3 map ([e1], [e2])
to [e2]. In other words, we have
F
Π1 Π2
CP3 CP3
(1.1)
In Section 4, we ﬁrst show that we can lift a null-torsion curve X to a map Xˆ : M2 → F. By composing with Π2, we then
show that, in fact, we arrive at a holomorphic curve Y = Π2 ◦ Xˆ : M2 → CP3. We denote such a curve by Y (X). Conversely,
suppose Y : M2 → CP3 is a contact holomorphic curve. We may lift it to the ﬂag manifold Yˆ : M2 → F. After composing
with Π1, we get a pseudo-holomorphic curve X = Π1 ◦ Yˆ : M2 → CP3. We denote such a curve by X(Y ). This process may
be summarized in the following diagram:
F
Π1
Xˆ
Π2
CP3 M
X
Yˆ
Y
CP3
(1.2)
Our main result is
Theorem 1.3. The diagram (1.2) gives a one to one correspondence between null-torsion pseudo-holomorphic curves in CP3 and
contact holomorphic curves in CP3 . More precisely, suppose X : M2 → CP3 is null-torsion. Then Y (X) is contact and X(Y (X)) = X.
Suppose Y : M2 → CP3 is contact holomorphic. Then X(Y ) has null torsion and Y (X(Y )) = Y .
Theorem 1.3 gives a complete description of null-torsion curves. Combining this result with Theorem F in [2], we obtain
the Weierstrass representations of such curves.
Corollary 1.4. Given two meromorphic functions f , g on a connected Riemann surface M2 , let Φ( f , g) : M2 → CP3 be the map
deﬁned in (3.15). Then X = X(Φ( f , g)) is a null-torsion curve in CP3 . Conversely, every null-torsion pseudo-holomorphic curve either
arises in this way or has the image in a CP1 .
Next, suppose M2 = S2.
Theorem 1.5. Suppose X : S2 → CP2 is pseudo-holomorphic. If X is neither vertical nor horizontal, then it must have null torsion.
This, combined with Weierstrass representations, completely characterizes pseudo-holomorphic 2-spheres in CP3.
Finally, we say a few words about the notational convention used in this article. Throughout the paper, we use the
unitary summation convention. Whenever an index appears both barred and unbarred in a term, summation over the index
is understood. Thus, for example,
aibi =
∑
aibi .
i
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same letter. This should cause no confusion because these bundles live on different base spaces. Also, we use ET to denote
the bundle T ∗(E) pulled back by a map T . Occasionally, we use E itself to denote the pull-back bundle if the map T is clear
from the context. The relation ‘∼’ means an isomorphism between two holomorphic vector bundles.
2. SU(3)-structures and nearly Kähler 6-manifolds
We start with a brief introduction on SU(3)-structures and nearly Kähler 6-manifolds. Given a 6-manifold N , we let F
be its total coframe bundle, i.e.,
F = {(x,u) | x ∈ N,u: TxN → R6}
where  represents a linear isomorphism between vector spaces. The projection map π : F → N , which sends (x,u) to x,
naturally deﬁnes a principal GL(6,R)-bundle over N . The right action of GL(6,R) on F is
Rg(x,u) =
(
x, g−1 ◦ u)
for any g ∈ GL(6,R).
Deﬁnition 2.1. An SU(3)-structure on N is the reduction of F to a principal SU(3)-subbundle π : P → N .
We identify C3 with R6 in the standard way. Let {dz1,dz2,dz3} be the standard basis of complex linear 1-forms on C3.
Let Ω0 and Ψ0 be the standard symplectic 2-form and complex volume 3-form on C3, i.e.,
Ω0 =
√−1
2
(dz1 ∧ dz1 + dz2 ∧ dz2 + dz3 ∧ dz3 )
and
Ψ0 = dz1 ∧ dz2 ∧ dz3.
Suppose N is equipped with an SU(3)-structure P . Then the forms Ωx = u∗Ω0 and Ψx = u∗Ψ0 do not depend on the
choice of (x,u) ∈ Px . Hence P naturally induces a real 2-form Ω and a complex 3-form Ψ on N .
Conversely, suppose N is equipped with a real 2-form Ω and a complex 3-form Ψ such that, at each point x, there
exists a linear isomorphism u : TxN → R6 satisfying u∗Ω0 = Ωx and u∗Ψ0 = Ψx . Then, the set of such u’s deﬁnes an SU(3)-
structure on N , because the elements in GL(6,R) preserving (Ω0,Ψ0) form the subgroup SU(3) ⊂ GL(6,R). In other words,
SU(3)-structures and pairs of such forms (Ω,Ψ ) are equivalent. For this reason, we will also refer to (N,Ω,Ψ ) as an
SU(3)-structure.
Besides Ω0 and Ψ0, any SU(3)-invariant quantity on R6 may be transplanted to N via an SU(3)-structure P . We are
particularly interested in the induced almost complex structure J and the metric g . We let J0 be the standard almost
complex structure for R6 under which dz1,dz2,dz3 are complex linear. Since SU(3) leaves J0 invariant, the almost complex
structure J x = u∗( J0) deﬁned on TxN does not depend on the choice of (x,u) ∈ Px . Therefore, associated with the SU(3)-
structure P , there is a well-deﬁned almost complex structure J on N . Similarly, the metric g at each point x is deﬁned by
gx = u∗(dz1 ◦ dz1 + dz2 ◦ dz2 + dz3 ◦ dz3) for any (x,u) ∈ Px .
We now deﬁne Calabi–Yau structures and nearly Kähler structures.
Deﬁnition 2.2. An SU(3)-structure (N,Ω,Ψ ) is called Calabi–Yau if
dΩ = 0, dΨ = 0.
Deﬁnition 2.3. An SU(3)-structure (N,Ω,Ψ ) is called nearly Kähler if
dΩ = 3 Im(Ψ ), dΨ = 2Ω2.
Remark 2.4. Our deﬁnitions of Calabi–Yau and nearly Kähler are slightly different from some deﬁnitions used in the liter-
ature. Some authors refer to both Calabi–Yau and nearly Kähler in this article as nearly Kähler, while refer to our nearly
Kähler structures as strictly nearly Kähler.
It is natural to deﬁne a ‘pseudo-holomorphic surface’ in an SU(3)-manifold N (or more generally, in any almost complex
manifold) to be a smooth map X from an almost complex 2-manifold (S, i) (of real dimension 4) to N such that
dX ◦ i = J ◦ dX
and dX is injective somewhere. However, as far as N is nearly Kähler, no such objects exist at all. To see this, note that
X∗(Ψ ) = 0.
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0= X∗(dΨ ) = X∗(2Ω2)
where the nearly Kähler condition is used. However, wherever dX is injective, X∗(Ω2) is a constant multiple of the volume
form of the induced metric. This leads to a contradiction. In this respect, nearly Kähler is in sharp contrast with Calabi–Yau.
We introduce the so-called tautological 1-forms ω1,ω2,ω3 on P . These are deﬁned by the following rule
ωi|(x,u) = u∗(dzi) ◦ (dπ |(x,u)).
It is not hard to show that if (N,Ω,Ψ ) is Calabi–Yau, then the corresponding bundle P is equipped with an su(3)-
connection κ = (κi j)3×3, such that the following structure equations hold
dωi = −κi j ∧ω j .
For nearly Kähler, the structure equations read
dωi = −κi j ∧ω j +
1
2
	i jkω j ∧ωk, (2.1)
where 	i jk = 1 if (i jk) is an even permutation of (123), 	i jk = −1 if (i jk) is an odd permutation, and 0 otherwise.
Hence, in the Calabi–Yau case, the connection κ is torsion-free, while in the nearly Kähler situation, κ has torsion. But
the torsion is not too bad either, since it is parallel under the connection κ . It is in this sense that nearly Kähler is the
‘second best’ SU(3)-structure.
Combined with Newlander–Nirenberg Theorem, the structure equations imply that the almost complex structure of a
Calabi–Yau structure is integrable, but the one of nearly Kähler is not.
3. Projective spaces and the ﬂag manifold
In this section, we carefully investigate the geometry of the double ﬁbration (1.1) in moving frames. We start with the
Lie group Sp(2).
3.1. Quaternions and Sp(2)
Let H denote the real division algebra of quaternions. An element of H can be written uniquely as q = z + jw where
z,w ∈ C and j ∈ H satisﬁes
j2 = −1, zj = j z¯
for all z ∈ C. In this way, we regard C as a subalgebra of H and give H the structure of a complex vector space by letting C
act on the right. We let H2 denote the space of pairs (q1,q2) where qi ∈ H. We will make H2 into a quaternion vector space
by letting H act on the right
(q1,q2)q = (q1q,q2q).
This automatically makes H2 into a complex vector space of dimension 4. In fact, regarding C4 as the space of 4-tuples
(z1, z2, z3, z4) we make the explicit identiﬁcation
(z1, z2, z3, z4) ∼ (z1 + jz2, z3 + jz4).
This speciﬁc isomorphism is the one we will always mean when we write C4 = H2.
We now introduce the structure equations of H2. First we endow H2 with a quaternion inner product 〈 , 〉 : H2 ×H2 → H
deﬁned by〈
(q1,q2), (p1, p2)
〉= q¯1p1 + q¯2p2.
We have identities
〈v,wq〉 = 〈v,w〉q, 〈v,w〉 = 〈w, v〉, 〈vq,w〉 = q¯〈v,w〉.
Moreover, Re〈 , 〉 is a positive deﬁnite inner product which gives H2 the structure of a Euclidean space E8.
Let F denote the space of pairs e = (e1, e2) with ei ∈ H2 satisfying
〈e1, e1〉 = 〈e2, e2〉 = 1, 〈e1, e2〉 = 0.
We regard ei as functions on F with values in H2. Clearly ei(F) = S7 ⊂ E8 = H2. It is well known that F may be canonically
identiﬁed with Sp(2) up to a left translation in Sp(2). There are unique quaternion-valued 1-forms {φab} so that
dea =
∑
ebφ
b
a . (3.1)b
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dφab +
∑
c
φac ∧ φcb = 0. (3.2)
Differentiating 〈ea, eb〉 = δab gives
φab + φba = 0. (3.3)
For our purpose, we write(
φ11 φ
1
2
φ21 φ
2
2
)
=
(
iρ1 + jω3 − ω1√2 + j
ω2√
2
ω1√
2
+ j ω2√
2
iρ2 + jτ
)
where ρ1 and ρ2 are real 1-forms while ω1, ω2, ω3 and τ are complex-valued.
3.2. The ﬂag manifold F
As a homogeneous space, F = Sp(2)/(S1 × S1). Equivalently, we may think of F as consisting of pairs of complex lines
([e1] := e1 · C, [e2] := e2 · C) so that
〈e1, e2〉 = 0.
We deﬁne the projection map C : F → F by
C : e = (e1, e2) →
([e1], [e2]).
The formulae,
de1 ≡ (e1 j)ω3 + e2 ω1√
2
+ (e2 j) ω2√
2
, mode1 · C
and
de2 ≡ e1
(
− ω1√
2
)
+ (e1 j) ω2√
2
+ (e2 j)τ , mode2 · C,
implied by (3.1), show that, with respect to this ﬁbration, the forms ω1,ω2,ω3, τ and hence their complex conjugates,
are semi-basic, i.e., they annihilate vectors tangent to the ﬁbers. By letting ω1,ω2,ω3 and τ be complex linear, we deﬁne
an almost complex structure on F. Hence, a complex 1-form α on F is of type (1,0) if C∗α is a linear combination of
{ω1,ω2,ω3, τ }. Moreover, it is easy to see from the structure equations (3.2) that
dω1,dω2,dω3,dτ ≡ 0, modω1,ω2,ω3, τ .
Thus, in fact, F is holomorphic, by Newlander–Nirenberg Theorem.
Remark 3.1. It might look awkward to choose ω1 rather than ω1 as complex linear. We adopt this convention to make the
projection map Π2 : F → CP3 holomorphic.
There are various complex vector bundles over F. Let C4 be the trivial rank 4 complex bundle. We deﬁne the tautological
complex line bundles 	1 and 	2, whose ﬁbers over ([e1], [e2]) are complex lines [e1] and [e2], respectively. Using the
quaternion number j, we form two other line bundles 	1 j and 	2 j, whose ﬁbers over ([e1], [e2]) are complex lines [e1 j]
and [e2 j], respectively. It is easy to see that, for a = 1,2, 	a j, 	a , and 	∗a are isomorphic Hermitian bundles via the quaternion
inner product. For instance, [e1 j] = [e1]∗ via
e1 j : e1 · z → j〈e1 j, e1z〉 = z
for any complex number z. The Hermitian connection on 	1 is given by iρ1. This means, if s is a section of 	1 satisfying
C∗(s) = e1a, then
C∗(∇s) = e1 ⊗ (da + iρ1a).
Similarly, the Hermitian connections are iρ2 on 	2, −iρ1 on 	1 j, and −iρ2 on 	2 j. Since the curvature dρa (a = 1,2) is of
type (1,1), these line bundles are in fact holomorphic by Newlander–Nirenberg Theorem.
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We deﬁne C1 : F → CP3 by
C1(e) = Π1 ◦ C(e)
for any e ∈ F. We immediately see that C1 gives F the structure of an S1 × S3 bundle over CP3 where we have identiﬁed
S1 with the unit complex numbers and S3 with the unit quaternions. The action is given by
e(z,q) = (e1, e2)(z,q) = (e1z, e2q),
where z ∈ S1 and q ∈ S3.
The formula
de1 ≡ (e1 j)ω3 + e2 ω1√
2
+ (e2 j) ω2√
2
, mode1 · C
shows that ω1,ω2,ω3 are semi-basic with respect to C1. We may rewrite one part of the structure equation (3.2) relative
to the S1 × S3 structure on CP3 as
d
⎛
⎝ω1ω2
ω3
⎞
⎠= −
⎛
⎝ i(ρ2 − ρ1) −τ¯ 0τ −i(ρ1 + ρ2) 0
0 0 2iρ1
⎞
⎠∧
⎛
⎝ω1ω2
ω3
⎞
⎠+
⎛
⎝ω2 ∧ω3ω3 ∧ω1
ω1 ∧ω2
⎞
⎠ . (3.4)
A cautious reader may have noticed the similarity between (3.4) and the nearly Kähler structure equation (2.1). In fact,
it is easy to check that
Ω =
√−1
2
(ω1 ∧ω1 +ω2 ∧ω2 +ω3 ∧ω3)
and
Ψ = ω1 ∧ω2 ∧ω3
on F are invariant under the action of S1 × S3. Thus, they descend to CP3 to deﬁned an SU(3)-structure. Moreover, it is easy
to use (3.4) to verify that
dΩ = 3 ImΨ, dΨ = 2Ω2.
In other words, this SU(3)-structure on CP3 is nearly Kähler.
We denote
κ =
⎛
⎝κ11 κ12¯ 0κ21¯ κ22¯ 0
0 0 κ33¯
⎞
⎠=
⎛
⎝ i(ρ2 − ρ1) −τ¯ 0τ −i(ρ1 + ρ2) 0
0 0 2iρ1
⎞
⎠ . (3.5)
The other part of the structure equation (3.2) may be written as the curvature of this nearly Kähler structure. One compo-
nent is
dτ¯ + 2iρ2 ∧ τ¯ = ω2 ∧ω1. (3.6)
This equation is crucial to the proof of Lemma 4.5.
Now we consider complex vector bundles over CP3. As usual, we have the trivial bundle C4. Next comes the tautological
line bundle 	1 whose ﬁber over [e1] is nothing but [e1] itself. This is a subbundle of C4. Now we form the quotient bundle
Q = C4/	1. Using the standard Hermitian inner product, we may identify Q with the subbundle of C4 whose ﬁber over
[e1] is the Hermitian orthogonal complement of [e1]. The bundle Q itself has a distinguished line subbundle 	1 j. We let
Q¯ = Q /	1 j which, again, may be identiﬁed with the Hermitian orthogonal complement of 	1 j in Q . When pulled back to
F by Π1, 	1 becomes the line bundle with the same letter and Π∗1 Q¯ = 	2 ⊕ 	2 j.
The connections on various vector bundles are determined by φ deﬁned in (3.1). Thus, for instance, for any section s
of Q¯ , suppose C∗1(s) = e2s1 + (e2 j)s2 for complex functions s1 and s2 on F. We have
C∗1(∇s) = (e2, e2 j)⊗
(
iρ2 −τ¯
τ −iρ2
)(
s1
s2
)
. (3.7)
Next, we study the complex tangent bundle TCP3 in this setting. First, the pull-back of the complex cotangent bundle
C∗1(T ∗CP
3) is trivial. In fact, ω1,ω2,ω3 are global nonvanishing sections. For later purpose, we deﬁne three more vector-
valued functions f 1¯ = e1 j ⊗ e2, f 2¯ = e1 j ⊗ e2 j and f 3¯ = e1 ⊗ e1, where and thereafter, all tensor products are over complex
ﬁeld. Also deﬁne
I1 = f ¯ ⊗ω1 + f ¯ ⊗ω2 (3.8)1 2
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I2 = f 3¯ ⊗ω3. (3.9)
For any g = (z,q) ∈ S1 × S3, where q = z1 + jz2, let Rg be the right action of g on F and R∗g be the pull-back map. We can
check from the structure equation (3.1) that
R∗g(ω3) =ω3 z¯2
and
R∗g
(
ω1
ω2
)
=
(
z1 z2
−z2 z1
)(
ω1
ω2
)
z.
At the same time, by (3.1),
R∗ge1 = e1z, R∗g(e1 j) = e1 j z¯
and
R∗g(e2, e2 j) = (e2, e2 j)
(
z1 −z2
z2 z1
)
.
It follows that R∗g I1 = I1 and R∗g I2 = I2. Hence, they descend to CP3 to deﬁne sections of bundles T ∗CP3 ⊗ 	1 j ⊗ Q¯ and
T ∗CP3 ⊗ 	21 , respectively. Moreover, with respect to the connection on the bundles, I1 and I2 are parallel. Hence, I1 and I2
split the tangent bundle
TCP3 = H ⊕ V (3.10)
where H is identiﬁed with 	1 j ⊗ Q¯ via I1 and V is identiﬁed with 	21 via I2.
We call H the horizontal part of TCP3 and V the vertical part. This terminology comes from the twistor ﬁbration. For
each v ∈ H2 \ {(0,0)}, let v ·H be the quaternion line spanned by v . The assignment e1C → e1H is a well deﬁned mapping
T : CP3 → HP1. The ﬁbers of T are CP1’s. So we have a ﬁbration
CP1 CP3
T
HP1
(3.11)
This is the famous twistor ﬁbration. The bundle V consists of vectors tangent to the ﬁbers of T .
3.4. Holomorphic contact structure on CP3
In this subsection, we summarize some results in [2] for notational convenience. The reader may consult [2] for details.
As in Section 3.3, we deﬁne Π2 : F→ CP3 by
Π2
([e1], [e2])= [e2].
We deﬁne C2 : F → CP3 by
C2(e) = Π2 ◦ C(e)
for any e ∈ F, where we remind that C is the projection map F → F. We immediately see that C2 gives F the structure of
an S3 × S1 bundle over CP3 with the action now given by
(e1, e2)(q, z) = (e1q, e2z),
where z ∈ S1 and q ∈ S3.
The formula
de2 ≡ e1
(
− ω1√
2
)
+ (e1 j) ω2√
2
+ (e2 j)τ , mode2 · C
shows that ω1, ω2, τ and their complex conjugates become semi-basic with respect to C2, but ω3 is not. By letting ω1,ω2
and τ be complex linear, we deﬁne an almost complex structure on CP3. It turns out to be integrable. In fact, one part of
the structure equation reads
d
⎛
⎜⎝
ω1√
2
ω2√
2
τ
⎞
⎟⎠= −
⎛
⎜⎜⎝
i(ρ1 − ρ2) ω3 ω2√2
−ω3 −i(ρ1 + ρ2) − ω1√2
− ω2√ ω1√ −2iρ
⎞
⎟⎟⎠∧
⎛
⎜⎝
ω1√
2
ω2√
2
τ
⎞
⎟⎠ . (3.12)2 2 2
114 F. Xu / Differential Geometry and its Applications 28 (2010) 107–120It shows CP3 is Kähler and ω1√
2
, ω2√
2
and τ are unitary. It follows that Π2 : F→ CP3 is holomorphic.
We construct several vector bundles in a way similar to Section 3.3. However, we emphasize holomorphic structures on
various bundles that the bundles over CP3 are not equipped with.
First, we have the tautological bundle 	2, whose ﬁber over [e2] is [e2], and 	2 j, whose ﬁber over [e2] is spanned by e2 j.
These two bundles are holomorphic. Take 	2 for instance. The connection is such that
C∗2(∇s) = e2 ⊗ (da + iρ2a)
for any section s with C∗2(s) = e2a. Because the curvature
diρ2 = 1
2
ω1 ∧ω1 − 1
2
ω2 ∧ω2 − τ ∧ τ¯
is of type (1,1), by Newlander–Nirenberg Theorem, 	2 has a holomorphic structure. Similarly 	2 j with the connection −iρ2
is holomorphic and in fact 	2 j ∼ 	∗2 as holomorphic bundles.
Second, we easily see that T ∗CP3 has a distinguished complex subbundle of rank one, which, when pulled back to F, is
spanned by τ . We denote this bundle by η. The connection on η is deﬁned by
C∗2(∇s) = τ ⊗ (da + 2iρ2a)
for any section s with C∗2(s) = τa. Again, this connection determines a holomorphic structure on η. It is shown in [2] that
η determines a holomorphic contact structure on CP3. That is, η is a holomorphic subbundle of T ∗CP3 and, for any nonzero
section s, s∧ds = 0. For the reader’s convenience, we prove this result in our notation. Suppose that s = τa is a holomorphic
section of η. Then
∂¯η(τa) = τ ⊗ (da + 2iρ2a)(0,1) = 0.
It follows from the structure equations that, ∂¯s = 0 as a form of type (1,0). So s is a holomorphic section of T ∗CP3. Since
every holomorphic section of η is also a holomorphic section of T ∗CP3, η is indeed a holomorphic subbundle of T ∗CP3.
Note that dτ ∧ τ = 0. Hence η is contact.
For any g = (q, z) ∈ S3 × S1, we have on F,
R∗g(τ ) = τ z2 (3.13)
and
R∗g(e2 j) = e2 j z¯. (3.14)
Thus K = τ ⊗ e2 j ⊗ e2 j is a well-deﬁned section of η ⊗ (	2 j)2 ∼ η ⊗ (	∗2 )2. Now it may be computed that ∇K = 0 under
the induced connection. This implies that η ⊗ (	∗2 )2 is trivial as a holomorphic bundle. Dualizing, we have
Proposition 3.2. (See [2, Theorem A].) The bundle η is a contact holomorphic subbundle of T ∗CP3 and isomorphic to (	2)2 .
Deﬁnition 3.3. (See [2, Section 3].) A (pseudo-)holomorphic curve of CP3 which annihilates the forms in η is called a contact
curve.
In [2], R. Bryant gave the following characterization of such curves.
Theorem 3.4. (See [2, Theorem F].) Suppose M2 is a connected Riemann surface. Let f , g be meromorphic functions on M2 with g
nonconstant. Let Φ( f , g) : M2 → CP3 be deﬁned by
Φ( f , g) =
[
1, f − 1
2
g
(
df
dg
)
, g,
1
2
(
df
dg
)]
. (3.15)
Then Φ( f , g) is contact. Conversely, any nonconstant contact curve is either of the form Φ( f , g) for some unique meromorphic func-
tions f and g on M or has image in some CP1 .
This theorem will play an important role in this paper.
The orthogonal complement η⊥ in T ∗CP3 has an induced connection given by the matrix-valued 1-form(−i(ρ1 − ρ2) ω3
−ω3 i(ρ1 + ρ2)
)
.
The curvature of this connection is of type (1,1). Thus, η⊥ has a holomorphic structure compatible with this connection.
With this holomorphic structure, η⊥ is NOT a holomorphic subbundle of T ∗CP3. However, if a section s of η⊥ satisﬁes
∂¯η⊥ s = 0, then
∂¯s ≡ 0, modη.
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We deﬁne Q to be the Hermitian orthogonal complement of 	2 ⊕ 	2 j in the trivial C4. The covariant derivative of a
section s of Q¯ satisfying C∗2(s) = e1a + e1 jb, where a,b are functions on F, satisﬁes
C∗2(∇s) = (e1, e1 j)⊗
(
iρ1 −ω3
ω3 −iρ1
)(
a
b
)
.
If we deﬁne g1¯ = e1 ⊗ e2 j and g2¯ = −e1 j ⊗ e2 j analogous to f 1¯ and f 2¯ , then the induced covariant derivative is such
that
C∗2(∇s) = (g1¯, g2¯)⊗
(
ρ1 − iρ2 ω3
−ω3 −iρ1 − iρ2
)(
a
b
)
for any section s of 	2 j ⊗ Q¯ satisfying C∗2s = g1¯a + g2¯b. It follows that
J = g1¯ ⊗ω1 + g2¯ ⊗ω2 (3.16)
is a covariantly constant section of the bundle 	2 j ⊗ Q¯ ⊗ η⊥ . Dualizing, we have
Proposition 3.5. Let ( J ) = g1¯ ⊗ (ω1 ) + g2¯ ⊗ (ω2) where (α) denotes the image of α in T ∗CP3/η. Denote by kerη the subbundle
of TCP3 consisting of vectors annihilated by elements of η. Then ( J ) gives an isomorphism between 	2 j ⊗ Q¯ with kerη ⊂ TCP3 as
holomorphic bundles.
Finally, note that Q¯ splits as 	1 ⊕ 	1 j when pulled back to F.
4. Pseudo-holomorphic curves in CP3
In this section, we prove our main results. The reader may ﬁnd it helpful to keep the diagram (1.2) in mind. First, we
study the ‘left’ half of (1.2). We will construct various holomorphic data in a way similar to Section 4 of [3].
4.1. Curves in CP3
Let M2 be a connected compact Riemann surface. Suppose X : M2 → CP3 is a pseudo-holomorphic curve. If E is a bundle
over CP3, we let E X denote the pull-back of E by X . Thus, for instance, x : FX → M2 is a principal S1 × S3-bundle over M2,
with
FX =
{
(x, e) ∈ M2 × F | X(x) = C1(e)
}
.
This bundle is usually called 0-adapted in the general theory of moving frames.
The natural map FX → F pulls back various quantities on F, which we still denote by the same letters. For exam-
ple, f 1¯, f 2¯ now denote functions on FX valued in HX and f 3¯ now valued in VX . The structure equations (3.4) still hold,
on FX now. Also, we will pull back functions and sections with domains in M2 via x∗ up to FX . For example, any section
s : M2 → HX can be written in the form s = f 1¯s1 + f 2¯s2 where si are complex functions on FX . Using this convention, the
nearly Kähler su(3)-connection κ on CP3 induces connections on 	1X , HX and VX compatible with the Hermitian structures.
For instance, ∇ : Γ (HX ) → Γ (HX ⊗ T ∗M2) is given by
∇( f i¯ si) = f i¯ ⊗ (dsi + κi j¯ s j). (4.1)
Since we are working over a Riemann surface, it is well-known that there is a unique holomorphic structure on any Her-
mitian vector bundle compatible with the Hermitian connection. Hence, all pull-back bundles from CP3 with the induced
connections are holomorphic. Moreover, the Hermitian bundle isomorphism between H and 	1 j⊗ Q¯ pulled back to M gives
a holomorphic bundle isomorphism
HX ∼ 	1X j ⊗ Q¯ X . (4.2)
Similarly,
VX ∼ 	21X , (4.3)
as holomorphic vector bundles.
Another thing to notice is that {ωi} are semi-basic with respect to x : FX → M2. Moreover, they are of type (1,0) since
dX is complex linear. Set
I1 = f 1¯ ⊗ω1 + f 2¯ ⊗ω2, I2 = f 3¯ ⊗ω3.
It is clear that I1 and I2 are well deﬁned sections of HX ⊗ T ∗M2 and VX ⊗ T ∗M2 respectively where T ∗M2 is the holomor-
phic line bundle of (1,0) forms on M2.
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Proof. We only show I1 is holomorphic and leave I2 for the reader. Choose a uniformizing parameter z on a neighborhood
of x0 ∈ M . In a neighborhood of x−1(x0), there exist functions ai so that ωi = ai dz. It follows that ωi ∧ω j = 0, so we have,
from the structure equation (3.4) and (3.5), dωi = −κi j¯ ∧ ω j . This translates to (dai + κi j¯a j) ∧ dz = 0 so there exists bi so
that
dai + κi j¯a j = bi dz.
Thus, when we compute ∂¯I1 we have, with (4.1) in mind,
x∗(∂¯I1) =
(∇( f iai)⊗ dz)0,1
= f i¯ ⊗ dz ⊗ (dai + κi j¯a j)0,1
= f i¯ ⊗ dz ⊗ (bi dz)0,1
= 0,
so I1 is holomorphic. Moreover, by the Identity Theorem in complex analysis, if I1 or I2 vanishes at a sequence of points
with an accumulation, the section has to be identically 0, since M2 is connected. 
Remark 4.2. It is clear that I1 and I2 are just horizontal and vertical parts of the evaluation map dX : TM → T XCP3. In
particular, they are ﬁrst-order invariants of X , in the sense that they only depend on 1st order derivatives of X .
We will call a curve with I1 ≡ 0 (I2 ≡ 0) vertical (horizontal). Of course, vertical curves have image in the ﬁbers CP1 of
the twistor ﬁbration. To study horizontal curves it does no harm to reverse the almost complex structure on the ﬁber of T .
Then, the horizontal curves become contact. By invoking Theorem 3.4, we see Proposition 1.2 holds.
We now assume I1 is not identically 0. Then there is a holomorphic line bundle L′ ⊂ HX ⊗ T ∗M so that I1 is a nonzero
section of L′ . Remember HX ∼ Q¯ X ⊗ 	1X j as holomorphic bundles. We deﬁne
L = L′ ⊗ (T ∗M)−1 ⊗ (	1X j)−1 ⊂ Q¯ X .
In this way, I1 is regarded as a nonzero section of L ⊗ 	1X j ⊗ T ∗M .
Remark 4.3. The reader may wonder what the ﬁber of L′ or L looks like over a point where I1 vanishes. Choose a uni-
formization parameter z with z(x) = 0 and a holomorphic local trivialization of HX ⊗ T ∗M near x. Then, locally, I1 may be
written as a vector-valued holomorphic function in z. Hence I1 may be represented as zk g(z) with g(0) = 0. The ﬁber of L′
over x is represented by g(0) · C ⊂ (HX ⊗ T ∗M)x with respect to the local trivialization. It is easy to check that this does
not depend on the local uniformization or the local trivialization of the holomorphic vector bundle. Here it is crucial that
we are working on a Riemann surface.
We let R1 be the ramiﬁcation divisor of I1. That is,
R1 =
∑
p:I1(p)=0
ordp(I1)p.
R1 is obviously effective, and we have [R1] = L ⊗ 	1X j ⊗ T ∗M , or equivalently,
L ∼ 	1X ⊗ TM ⊗ [R1]. (4.4)
Similarly, if I2 does not vanish identically let R2 be the ramiﬁcation divisor of I2. Then R2 is effective and
VX ∼ TM ⊗ [R2]. (4.5)
Now we adapt frames in accordance with the general theory. Remember that FX is an S1 × S3-bundle. Note that the
S3-factor acts transitively on the set of complex lines in the 2-dimensional complex space spanned by {e2, e2 j}. So it makes
sense to deﬁne F(1)X as the subbundle of pairs (x, e) with e2 j ∈ Lx . Then, F(1)X is a S1 × S1-bundle over M and e2 changes by
an element of S1 along the ﬁbers of F(1)X . Thus, the complex line [e2]x is well-deﬁned for each x. In other words, we have a
map Xˆ from M to F by
Xˆ : x → ([e1]x, [e2]x) (4.6)
so that
F
(1) = F ˆ ,X X
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F
(1)
X
x
F
M2
Xˆ
X
F
Π1
CP3
From this frame adaptation and the deﬁnition of Xˆ , we have holomorphic bundle isomorphisms
L ∼ 	2 Xˆ j, 	1X ∼ 	1 Xˆ . (4.7)
Note that, since I1 has values in 	2 Xˆ j ⊗ 	1 Xˆ j ⊗ T ∗M , we have
ω1 = 0, on F(1)X . (4.8)
Remark 4.4. The bundle F1X is usually said to be 1-adapted in the moving frame theory. The lift Xˆ and the bundle F
(1)
X are
uniquely characterized by the condition ω1 = 0 in the following sense. Suppose we have another map χ : M → F which
covers X and the pull back Fχ of the bundle F → F satisﬁes ω1 = 0. Then we must have χ = Xˆ and hence Fχ = F(1)X . In
fact, near a point x ∈ M , we pick local sections s = (e1, e2) of F(1)X and S = (E1, E2) of Fχ respectively. Then E1 = e1z for
some local S1-valued function z, since χ covers X and thus, the lines [e1] and [E1] coincide. The structure equation (3.1),
after pulled back by s and S , gives
de1 ≡ (e1 j)s∗(ω3 )+ e2 s
∗(ω1)√
2
+ (e2 j) s
∗(ω2)√
2
, mode1 · C
and
dE1 ≡ (E1 j)S∗(ω3 )+ E2 S
∗(ω1)√
2
+ (E2 j) S
∗(ω2)√
2
, modE1 · C.
Now, since E1 = e1z and ω1 = 0 on both bundles, these two identities imply
(e2 j)
s∗(ω2)√
2
z = (E2 j) S
∗(ω2)√
2
.
Thus, if I1(x) = 0 and hence s∗(ω2)(x) = 0, then the line [e2]x coincides with [E2]x . In other words, Xˆ(x) = χ(x) if I1(x) = 0.
But I1 vanishes only at isolated points, so Xˆ = χ must hold everywhere on M .
To a reader who is familiar with moving frames, this observation is more or less of abstract nonsense. In fact, it simply
reﬂects a special feature of a general fact about the moving frame theory that the 1-adapted bundle depends only on the
ﬁrst order jets of the map X . It will be useful in the proof of Theorem 1.3.
Differentiating ω1 = 0 gives us
−τ¯ ∧ω2 +ω2 ∧ω3 = 0.
But since both ω2 and ω3 are complex linear, we have ω2 ∧ω3 = 0 and consequently,
τ¯ ∧ω2 = 0.
So τ¯ is complex linear.
Using (3.13) and (3.14), we see that along the ﬁbers of F(1)X , τ¯ changes by
R∗g(τ¯ ) = τ¯ · z22
and e2 changes by
R∗g(e2) = e2z2
for g = (z1, z2) ∈ S1. Consequently,
II = e2 ⊗ e2 ⊗ τ¯ (4.9)
is a well-deﬁned section of 	2 ⊗ T ∗M .2 Xˆ
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2 Xˆ
⊗ T ∗M.
Proof. Under a local uniformization parameter z, τ¯ = bdz for some smooth function b, since τ¯ is of type (1,0). Eq. (3.6),
combined with ω1 = 0, gives
dτ¯ = −2iρ2 ∧ τ¯ .
This translates into
(db + 2iρ2b)∧ dz = 0.
Note that from the discussion at the end of Section 3.2, the connection on 	2 Xˆ is determined by iρ2. Hence it holds that
x∗
(
∂¯(e2 ⊗ e2 ⊗ τ¯ )
)= x∗(∇(be2 ⊗ e2)⊗ dz)0,1
= (e2 ⊗ e2 ⊗ dz)⊗ (db + 2iρ2b)0,1
= 0. 
Deﬁnition 4.6. We say a curve has null torsion if it is not vertical and II= 0. Such a curve is called a null-torsion curve.
Remark 4.7. The deﬁnition does not exclude horizontal curves from the null-torsion curves. However, if X is both horizontal
and null-torsion, the structure equation (3.2) reduces to the equation for some CP1. It is not hard to prove that X must be
a horizontal CP1. In view of Corollary 4.15 that we will show, these two classes do not overlap much.
Remark 4.8. It is worth comparing this deﬁnition with the null-torsion notion deﬁned for S6 in [3]. The two concepts have
little in common except the name. In fact, the null-torsion condition for S6 is of 3rd order while it is of 2nd order for CP3.
If X has null torsion, then τ = 0 on F(1)X . Thus, we immediately have:
Proposition 4.9. Suppose that X has null torsion. The lift Xˆ : M2 → F is holomorphic. Moreover, Y (X) = Π2 ◦ Xˆ : M2 → CP3 is
holomorphic.
Proof. Remember the holomorphic structure on F deﬁned in Section 3.2. For the ﬁrst statement, it suﬃces to show that
ω1,ω2,ω3, τ are complex linear. But based on our construction so far, we know that ω1 = τ = 0 and that ω2,ω3 are
complex linear. Thus Xˆ is holomorphic as stated. The second statement holds because Π2 is holomorphic. 
In fact, more is true.
Lemma 4.10. Suppose X : M2 → CP3 has null torsion. Then Y (X) : M2 → CP3 is contact.
Proof. This is because the contact structure on CP3 is deﬁned by τ . 
If II is not identically 0, we deﬁne the planar divisor by
P =
∑
p: II(p)=0
ordp(II)p.
In this case, we have
	2
2 Xˆ
= [P ] ⊗ TM. (4.10)
Assume I2 is not identically 0. We put together the bundle relations (4.3)–(4.5), (4.7), and (4.10) to get the following
isomorphisms of holomorphic line bundles
(TM)4 ⊗ [2R1 + R2 + P ] ∼
(
TM ⊗ [R1]
)2 ⊗ (TM ⊗ [R2])⊗ (TM ⊗ [P ])
∼ (L ⊗ 	−1
1 Xˆ
)2 ⊗ 	2
1 Xˆ
⊗ 	2
2 Xˆ
∼ L2 ⊗ 	2
2 Xˆ
∼ (	2 Xˆ j)2 ⊗ 	22 Xˆ
∼ C. (4.11)
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Proof of Theorem 1.5. Assume both I1 and I2 are not identically 0. We must show that II vanishes identically. Assume not.
Then R1 > 0, R2 > 0 and P > 0 and (4.11) would imply deg TM < 0. Since M = S2, we have deg TM = 2, a contradiction. 
Remark 4.11. The identity (4.11) actually shows that if M2 has genus g , then any pseudo-holomorphic curve X : M → CP3
with none of I1, I2 and II vanishing identically must satisfy
8(g − 1) = 2deg(R1)+ deg(R2)+ deg(P ).
This puts severe restrictions on the bundles L, VX and NX . For example, if g = 1, so that M is elliptic, then a pseudo-
holomorphic curve X : M → CP3 must satisfy R1 = R2 = P = 0, so that VX = TM , L = TM and NX = (TM)2.
4.2. Curves in CP3
Now we discuss the ‘right’ half of the diagram (1.2) in a way similar to Section 4.1.
Suppose Y : M2 → CP3 is a holomorphic curve. As in Section 4.1, we use EY to denote a bundle E on CP3 pulled back
to M2 by Y . Thus, for instance, x : FY → M2 is a principal S3 × S1-bundle over M2, with
FY =
{
(x, e) ∈ M2 × F | Y (x) = C2(e)
}
.
The natural map FY → F pulls back various quantities on F, which we still denote by the same letters. For example, g1¯, g2¯
now denote functions on FY valued in 	2Y j ⊗ QY . The structure equations (3.4) still hold, on FY now. We deﬁne
J = g1¯ ⊗ω1 + g2¯ ⊗ω2
and
K = e2 j ⊗ e2 j ⊗ τ .
Then K and J are well-deﬁned holomorphic sections of the bundles 	2Y j⊗ 	2Y j⊗ T ∗M and 	2Y j⊗QY ⊗ T ∗M , respectively.
Now assume Y is contact. Then
τ = 0
and J cannot be identically zero. Hence, there exists a line bundle L ⊂ QY so that J is a holomorphic section of 	2Y j ⊗
L ⊗ T ∗M .
We adapt frames according to the general theory. We let F(1)Y be the subbundle of pairs (x, e) with e1 j ∈ Lx . Then F(1)Y
is an S1 × S1 bundle over M and e1 changes by an element of S1 along the ﬁbers of F(1)Y . Thus, the complex line [e1]x is
well-deﬁned for each x. In other words, we have a map Yˆ : M2 → F by
Yˆ : x → ([e1]x, [e2]x) (4.12)
so that
F
(1)
Y = FYˆ ,
and the following diagram commutes:
F
(1)
Y
x
F
M2
Yˆ
Y
F
Π2
CP3
Note that, since J has values in 	2Yˆ j ⊗ 	1Yˆ j ⊗ T ∗M , we have
ω1 = 0, on F(1)Y . (4.13)
Differentiating it, and using the structure equation (3.12), we get
ω3 ∧ω2 = 0
since τ = 0. (Differentiating τ = 0 does not give anything new.) Hence ω3 is complex linear and Yˆ is a holomorphic map.
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γ : M → F covers Y and over the pull-back bundle Fγ , ω1 = τ = 0. Then, γ = Yˆ and Fγ = F(1)Y . This fact may be seen either
by the general moving frames theory or by an argument similar to Remark 4.4.
We deﬁne X(Y ) = Π1 ◦ Yˆ : M2 → CP3. Since ω1 = τ = 0, we immediately have:
Lemma 4.13. Suppose Y is contact. Then the map X(Y ) is pseudo-holomorphic and has null-torsion.
4.3. Theorem 1.3 and consequences
Proof of Theorem 1.3. With Lemmas 4.10 and 4.13, all remained is to show X(Y (X)) = X and Y (X(Y )) = Y . We prove the
ﬁrst and leave the other for the reader. For this, it suﬃces to show that the lifts to F coincide, i.e., Ŷ (X) = Xˆ . However, since
ω1 = τ = 0 holds on F(1)X = F Xˆ , this follows from the characterization of the lift Ŷ (X) in Remark 4.12. 
Remark 4.14. At this point, the proof may look trivial. In fact, the crucial point in studying null-torsion curves has been to
realize the role that the double ﬁbration (1.1) plays. Before that, we carried out Cartan–Kähler analysis of the overdetermined
EDS (Exterior Differential System) describing null-torsion curves and found that it is involutive (the interested reader may do
it himself/herself by consulting [6]). As many practitioners of EDS are aware, the Cartan–Kähler analysis is often algorithmic
(though often very diﬃcult at some steps), but to explicitly describe integral manifolds needs much more work. The reader
may want to compare Bryant’s analysis of null-torsion curves in S6 in [3, Section 4]. There, the problem was transformed
into an EDS on the Grassmannian G˜(2,R7), regarded as a ﬁve quadric in CP6. To obtain an explicit description, Bryant used
E. Cartan’s normalization of this EDS on an aﬃne coordinate chart of G˜(2,R7) ⊂ CP6.
Via Theorem 1.3, all the results concerning contact curves in CP3 translate to statements about null-torsion pseudo-
holomorphic curves in CP3. One of them is the Weierstrass representations in Corollary 1.4. We also state the following
version of Theorem G in [2].
Corollary 4.15. Let M be a compact Riemann surface. There always exists a pseudo-holomorphic embedding X : M → CP3 which has
null torsion.
Remark 4.16. It is not hard to show that, locally, pseudo-holomorphic curves (as maps) in any 6-dimensional almost complex
manifold depend on 6 (real) functions of 1 (real) variable in Cartan’s sense. The EDS analysis shows that, locally, both null-
torsion and horizontal curves depend on 4 functions of 1 variable. In this sense, these two classes are far from generic.
There is more to say about other types of pseudo-holomorphic curves in nearly Kähler CP3.
We end our discussion with the volume of an immersed null-torsion curve with the induced metric. Denote gX the
metric on M2 induced by X from CP3 and gY the metric induced by Y from CP3. It follows from previous constructions
that gX = 2gY (X) . Thus the volume of gX is twice the volume of gY (X) . By Wirtinger’s Theorem, the volume of an algebraic
curve in CP3 is its degree, up to a universal constant. By computing the volume of an embedded CP1, we see that this
universal constant is π . Thus, the volume of an embedded null-torsion curve in CP3 is always an integral multiple of 2π .
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